This paper deals with an unstirred chemostat model with the Beddington-DeAngelis functional response. First, some prior estimates for positive solutions are proved by the maximum principle and the method of upper and lower solutions. Second, the calculation on the fixed point index of chemostat model is obtained by degree theory and the homotopy invariance theorem. Finally, some sufficient condition on the existence of positive steady-state solutions is established by fixed point index theory and bifurcation theory.
Introduction
The chemostat is a laboratory apparatus used for the continuous culture of microorganisms. Mathematical models of the chemostat are surprisingly amenable to analysis.
Early results can be found in the articles of Levin where a, b, m i , k i , i = ,  and γ are positive constants, a and b are the maximal growth rates of the two competitors, respectively. u stands the density of the plasmid-bearing organism; υ denotes plasmid-free organism; The parameter q,  < q <  denotes the fraction of plasmid-bearing organism converting into plasmid-free organism. is a bounded domain in R n with smooth boundary
are BeddingtonDeAngelis functions; m i , i = ,  are the Michaelis-Menton constants; k i (i = , ) model mutual interference of between predators.
In the present paper, we shall investigate non-negative steady-state solutions of system (.). Hence, we will concentrate on the following elliptic system:
Then one can argue in the exactly same way as in [, , ] to obtain the limiting system of (.), which can be written as
, and S = z -u -υ. We only concern on the case that S(x), u(x), υ(x) are non-negative, so we redefine the response function as follows:
Thenf (S, u),ĝ(S, υ) ∈ C  (R). We will denotef (S, u),ĝ(S, υ) by f (S, u), g(S, υ) for the sake of simplicity, respectively. Thus, the solution of equation (.) satisfies
In the following, we set up the fixed point index theory on this paper. Let E be a Banach Space. W ⊂ E is called a wedge if W is a closed convex set and αW ⊂ W for all α ≥ .
For y ∈ W , we define W y = {x ∈ E : ∃r = r(x) > , s.t., y + rx ∈ W }, S y = {x ∈W y : -x ∈W y }, we always assume that E = W -W . Let T : W y → W y be a compact linear operator on E. We say that T has property α onW y if there exists t ∈ (, ) and ω ∈W y \S y , such that ω -tTω ∈ S y .
Suppose that F : W → W is a compact operator, and y  ∈ W is an isolated fixed point of
has no eigenvalue equal to , then θ is isolate fixed point of F, and 
Proposition . ([]) Assuming that T is a positive compact linear operator in ordered Banach spaces, u is a positive element in Banach space, r(T) is the spectral radius of the operator T, then
If λ  >  (or < ), then all eigenvalues of the following problem:
are larger than  (or less than ).
The organization of our paper is as follows. In Section , some prior estimates for positive solutions are proved by the maximum principle and the upper and lower solution method. In Section , the calculations on the fixed point index of chemostat model by degree theory and the homotopy invariance theorem. In Section , some sufficient conditions on the existence of positive steady-state solutions is established by the fixed point index theory in cone and bifurcation theory.
Some prior estimates for positive solutions
The main purpose of this section is to give prior upper and lower positive bounds for positive solutions of (.) by using the maximum principle and the upper and lower solution method.
Let λ  , μ  be, respectively, the principal eigenvalue of the following problem:
the corresponding principal eigenvalue function denoted by ϕ  (x), ψ  (x), and
First, we consider the single species equation as follows:
By [, , ], we can directly get the following conclusions.
, (.) has a unique positive solution, denoted by , satisfying the following properties:
, +∞) and is point wisely increasing when a is increasing.
∂u ∂ν + ru = }, and all eigenvalues of L (a,d) are strictly negative.
Remark . For (.), we have the same conclusion as Lemma .. Suppose b > dμ  , we denote the unique positive solution by θ for the following problem:
Next, letλ  be the principal eigenvalue of the following eigenvalue problem:
the corresponding eigenfunction denoted byφ  (x) and uniquely determined by normalization φ  = .
In order to accurately estimate the positive solution of (.), we consider the following boundary value problem:
, there exists a unique positive solution of (.). Then  < υ < z, and θ < υ < z, when b > dμ  .
This contradicts ∂ω ∂ν
If ω(x  ) = , for some point x  ∈¯ , then it follows from the maximum principle [] that x  ∈ ∂ . Furthermore, from the Holp lemma [], we can get ∂ω ∂ν | x  < , this contradicts the boundary condition. Thus, υ < z on¯ , and for
Next, we will prove the existence and uniqueness of solutions. For sufficiently small δ > , δφ  , z are the upper and lower solutions of (.). It follows from the comparison principle [] that (.) exists the minimum solution υ  and maximum solution υ  , satisfying
In the following, we prove the uniqueness. Thanking to υ  , υ  are the solution of (.), we have
Multiplying the second equation and first equation by υ  , υ  , respectively, and applying the Green's formula, we obtain
According to the monotonicity of f , g, and υ  ≤ υ  , we get υ  ≡ υ  .
In conclusion, we can get prior estimates on the system (.).
Theorem . Suppose (u, υ) is non-negative solution of (.), and u
Proof The proof is in [, ], we omit it.
Calculations of fixed point index
In this section, we will calculate the fixed point index of (.) by using the standard fixed point index theory in cone.
. For a sufficiently large P > , and τ ∈ [, ], we consider the following equations:
is the unique solution of the following linear problem:
It is clear to see that (u, υ) T ∈ E is fixed point of F τ if only and if (u, υ) T ∈ E is a positive solution of (.). Let
Suppose that P is sufficiently large, for all (u, υ) ∈ D, we can get
Then F : D → W is continuously differentiable, hence, (.) had non-negative solution if only and if F has fixed point on D. According to the homotopy invariance of degree, we have
In the following, we calculate the index number of (, ) and (, θ ) by using the fixed point theory.
Lemma . For the index number of the operator F at (, ) the following results hold:
(
Proof Define the operator at (, ) of F as follows:
If  is an eigenvalue of (.), then (P + bg(z, ))ψ, ψ is the corresponding eigenfunction, then the L  has no eigenvalue greater than , so (, ψ) is the corresponding eigenfunction. It follows from Proposition . that we have index W (F, (, )) = .
,  is not an eigenvalue of (.), and λ  (-d -( -q)af (z, )) < . From Proposition ., then there exists  λ  <  which is an eigenvalue of the first equation of (.), the corresponding eigenfunction denoted by ϕ  , and putting it into the second equation, we have
bg(z, ))I are larger than , that is the operator is inverse, hence, let
Then there exists the eigenvalue of L  is larger than , and the corresponding eigenfunction denoted by (ϕ  , ψ  ), then from Proposition ., we can get
,  is not the eigenvalue of (.). Next, we prove that L  does not have the α property onW y  . Suppose that L  onW y  has α property, then there exist t  ∈ (, ) and the function (φ, ψ)
is an eigenfunction, hence ψ = , we discuss the following two cases: (a) If ϕ ≡ , then from the second equation of (.), we see that λ  (-d -bg(z, )) >  when b < μ  d, it follows from the Proposition . that (.) has no eigenvalues which are equal to or less than . This is a contradiction hypothesis.
(b) If ϕ ≡ , then we can get the following results from equation (.), when
It follows from Proposition . that (.) has no eigenvalues which are equal to or less than , this is a contradiction with the hypothesis. Hence, L  as no property α onW y  . By Proposition ., we can get that
It is easy to see that index W (L  , (, )) = (-) σ , where σ is the sum of the algebraic multiplicities of the eigenvalues of L  which are greater than . From above results and (.), we see that L  has no eigenvalues which are greater than , then σ = , that is,
Lemma . Suppose b > μ  d, the index on the point of (, θ ) satisfies the following results:
Proof Defining the linearized operator F on (, θ ) as follows:
where
First, we will prove that I -L  is invertible onW y  as a =ˆλ
From the definition of a =ˆλ
and λ  , we can get φ ≡ , and taking φ ≡  into the second
, we can prove that L  has no property α onW y  . We assume that L  has property α onW y  , then there exist t  ∈ (, ) and the function
It follows from the definition of φ, ψ which satisfies (.), let
, we know that there exists φ >  such that
Adding both sides with Pφ > , we can get
From Proposition ., we can obtain r(T) < , and then get a contradiction. Hence L  has no property α onW y  . From Proposition ., we know
It is easy to see that index W (L  , (, θ )) = (-) σ , where σ is the sum of the algebraic multiplicities of the eigenvalues of L  which are greater than . Set λ be the eigenvalue of L  , the corresponding eigenfunction named by (
By the definition of the above operator T, we see that Tφ = λφ and r(T) < , then all eigenvalues of L  are less than , so
Next, we prove that L  has property α onW y  when a >ˆλ
, η > , from Proposition ., we know that there exists t  ∈ (, ) is eigenvalue of (- 
, then we takeφ  >  into the second equation of (.) as follows:
From Remark ., we see that all the eigenvalues of L (b,d) less than , that is, the operator L (b,d) is invertible, then there exists the unique
have proved that I -L  is not invertible onW y  . Hence, the results cannot be proved by Proposition . in this case.
In the following, we prove that (.) can bifurcate from (a, , θ ) by the bifurcation theory [, ], then we get the result. Defining the function as F (a, u, υ) 
Define the operator as follows:
From the analysis of (.), we see that the nuclear space
The adjoint operator of L  (a, , θ ) can be written as 
and satisfying F(a(s), u(s), υ(s)) =  (|s| < δ).
We shall discuss two possible cases as follows: Case : if a (s) ≡ , then there exists δ > , a (s) is not equal to  when |s| < δ ≤ δ . According to the uniqueness of the bifurcation solution of F(a(s), u(s), υ(s)) = , (, θ ) is isolated fixed point of the operator F in the neighborhood of (a, , θ ). Owing to  is the eigenvalue of F (, θ ), we cannot calculate index W (F, (, θ )) = (-) σ . Hence, we can define the operator as
Obviously, (, θ ) is the fixed point of F t . Defining the derived operator of F t at (, θ ) as follows:
The compact operator F t deduce that F t is compact operator. Suppose that  is the eigen-
Thanks to a( -q) = λ  d, then λ  (d + ( -q)af (z -θ , ) -t) < , that is, d + ( -q)af (z -θ , ) -t is invertible, then φ ≡ , and from Lemma ., we know that the operator L is invertible. Then, similarly, we see that ψ ≡ . Thus,  is not the eigenvalue of L t .
Due to (, θ ) is the isolated fixed point of F t , index W (L t (, )) = (-) σ . To show that L t has no eigenvalue greater than , suppose that σ >  is an eigenvalue of L t . Let 
Conclusion
The coexistence of an unstirred chemostat model with B-D functional response is studied by fixed point index theory in our paper. First of all, some prior estimates for positive solutions are proved by the maximum principle and the upper and lower solution method. Second, the calculations are performed on the fixed point index of chemostat model by degree theory and the homotopy invariance theorem. Finally, some sufficient condition on the existence of positive steady-state solutions is established by fixed point index theory in cone and bifurcation theory.
